Understanding the dynamics of fractional edge states with composite fermions 
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Fractional edge states can be viewed as integer edge states of composite fermions. We exploit 
this to discuss the conductance of the fractional quantized Hall states and the velocity of edge 
magnetoplasmons . 



One of the most interesting developments in the 
physics of the quantized Hall effect was-thc introduc- 
tion of the composite fermion approach.!! □ It is realized 
through an exact transformation of the initial electron 
system to the system of composite fermions by attaching 
two flux quanta to each particle. The mean-field approx- 
imation to the new system already contains much of the 
physics related to electron-electron correlations. In par- 
ticular it allows one to understand fractional quantized 
Hall states as integer quantized Hall states of composite 
fermions. Because of the presence of an excitation gap 
in the bulk, edge states play an important role in these 
systems. It is natural then to apply composite fermions 
to study fractional edge states. This has been done 
ing the Hartree approximation for composite fermionsEra, 
which yields ground state properties such as the density 
distribution and the number of edge channels for various 
filling factors. One has to go beyond the Hartree approxi- 
mation in order to study the dynamics of the edge states, 
which involves excited states. 

A significant progress in the understanding of edge 
states dynamics has been achieved by using the method 
of chiral bosonizationQ. However, this method relies on 
postulating the number and the direction of propagation 
of edge modes. The composite fermion approach allows 
one to derive this quantities microscopically. Once the 
velocities and interactions of edge modes are known they 
can be used as input parameters in the method of chiral 
bosonization. 

In this paper we use the RPA to study fractional edge 
states. We begin by reviewing "gauge argument" and ap- 
plying it to the system of composite fermions. This leads 
us to the introduction of the composite fermion electro- 
chemical potentials which are very useful in calculating 
conductance of the system. _ 

Following Laughlinu and HalperinEI we consider an ide- 
alized clean 2DEG sample of the annular shape at filling 
factor v. As the magnetic flux threading the hole is in- 
creased adiabatically by one flux quantum (0o) v elec- 
trons are transferred from the outer to the inner edge of 
the sample. This leads to the total energy change given 
by — where £ Q — & is the difference between elec- 
trochemical potentials on the two edges. Since the work 
done on the system is given by Ifo/c, where I is the 
current around the annulus, 



(1) 



viewed as the system of composite fermions at integer 
filling factor p. Naively, increasing the magnetic flux 
threading the annulus by one flux quantum will transfer 
p composite fermions between the outer and the inner 
edge. However the change in the flux Atfi enclosed by the 
annulus median comes from the flux carried by compos- 
ite fermions as well as from the external source. Thus 
A<f> = (1 — 2x)(f>o, where x is the net number of compos- 
ite fermions transferred between the edges. By relating 
the net transferred charge to the change in flux, using 
x = pA(p/<po, we find that x = p/(2p+ 1) in agreement 
with the electron result. 

It is helpful to introduce the composite fermion elec- 
trochemical potential, We define it as a change in 
the total energy resulting from adiabatically adding a 
composite fermion to the edge. The difference from the 
electron potential becomes clear in view of the previous 
discussion. The addition of a composite fermion to the 
edge involves turning on of the Chcrn-Simons flux, which 
adds or removes electrons from the edge. From the gauge 
argument we find the following relation between the two 
potentials: 



£'=£/(2p+l) 



(2) 



This relation has beeiuierived in a different way by Kir- 
czenow and Johnson.EJ 

If the edges of the annulus are sufficiently well sepa- 
rated currents associated with each edge can be defined. 
These currents must depend only on the electrochemi- 
cal potential of the corresponding edge. Since the total 
current is given by Eqjl] the edge current is 



I = v[elh)i. 



(3) 



Expressing this result in terms of the composite fermion 
potential 



I = p(e/h)£ 



f 



(4) 



Now we rederive this result by using composite fermions. 
The electron system at filling factor v = p/(2p + 1) is 



For the case \p\ > 1, there will be several states at each 
edge, and in the ideal case one can define separate chem- 
ical potentials on each edge state. We have assumed 
that there is a sufficient amount of scattering due to im- 
purities or phonons, so that the states at a given edge 
arc equilibrated, and there is a single chemical potential 
at each edge. 

Now we consider an electromagnetic response of a sin- 
gle edge at a finite wavevector along the edge. The sin- 
gle edge approximation is justified if the wavelength is 
smaller than the distance between the edges. For a given 
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bulk filling factor there can be several magnetoplasmon 
modes at the edge if the impurity scattering is not too 
great. Here we restrict ourselves to the case of a sharp 
confining potential. In this case there is only one mode 
present for simple fractions v — l/(2k +1). We focus on 
the v — 1 case where the composite fermion result can 
be easily compared against the electron calculation. We 
can use previously derived formulas setting p = — 1. Our 
goal is to find a pole in the response function and identify 
it with the magnetoplasmon mode. 

We start by deriving the electron result. For fre- 
quencies smaller than the cyclotron frequency and wave- 
lengths larger than the magnetic length eq.[| can be writ- 
ten in terms of Fourier harmonics 



I(k,aj) = (e/h)ak,to). 



(5) 



The electrochemical potential can be represented as a 
sum of the external potential and the induced potential 



(6) 



The induced electrochemical potential is proportional to 
the electron density at the edge 



C(k,u)=n(k,u)d£/dn. 



(7) 



The coefficient d^/dn is independent of fc in the limit 
k — » 0, if the electron electron interaction is short 
ranged; for unscreened Coulomb interactions we have 
d^/dn ~ |lnfc|.liil For the wavelengths smaller than the 
length of the edge we invoke the continuity equation 
n(k,uj) = I(k,u))k/oj to get 



C (k,u) = I(k,u)(k/w)d£/dn 



(8) 



By substituting I(k,ui) from the eq.|^ and solving for 
cj) we find 



£(k,w) = 



1 - (k/u;){e/h)d£/dn 



(9) 



Substituting this expression in eq.|^ we obtain the full 
response function 



(e/h)^(k,u) 
l-(k/u)(e/h)d£/dn 



(10) 



At finite fc and ix> there is a pole in the response func- 
tion, which can be identified with the magnetoplasmon 
mode. Because of the stability considerations d^/dn has 
to be positive. Then the direction of propagation is-jn 
agreement with the classical magnetoplasmon result .til 

Attachment of two flux quanta transforms the v = 1 
state into the v = —\ state with the effective magnetic 
field reversed. Therefore, on the mean field level one 
might expect that the composite fermion approach gives 
the reverse direction of propagation for the magnetoplas- 
mon mode. In fact this is the result that comes out of 



the Hartree approximation, where the induced Chern- 
Simons field is neglected. Let us demonstrate that includ- 
ing properly the Chern-Simons electric field gives the ex- 
pected direction of propagation in the composite fermion 
approach. Eq.^ can be written in terms of Fourier har- 
monics 



J(fc,w) = -(e/fc)^(fc,w). 



(11) 



The composite fermion electrochemical potential may 
be related to the electron potential £ and the edge current 
I by 



£(k,u})=£ f (k,u}) + 2(h/e)I{k,w) 



(12) 



where the second term results from the Chern-Simons 
electric field produced by the current. [ E c i s.O and n3 
imply Eq||| as required ] Substituting Eq. l^m Eq. ^] 
we find 

£t(k, u) = ( e {k, u) - 2I(k, uj)h/e + n(k, oj)d£/dn (13) 

Using the continuity equation and expressing current in 
terms of the composite fermion electrochemical potential 
we get 

f / (fc, u) = £ e (k, w) + 2^(fc, oj) - (k/oj)Z f d£/dn (14) 
Solving this equation for we find 



-l + (k/Lj){e/h)d£/dn 



(15) 



Both of the terms in the denominator change signs here 
compared to EqJT^ thus giving the right direction of prop- 
agation for the magnetoplasmon mode. In Hartree ap- 
proximation the Chern-Simons contribution to the elec- 
trochemical potential 2I(k, uj)h/e is ignored thus yielding 
an incorrect direction of propagation. 

For more complicated filling fractions v, where there 
are two or more edge states at a single edge, it is necessary 
to take into account interactions between charge fluctu- 
ations associated with the different edge states. Simi- 
larly, if one considers wavelengths which are not large 
compared to the magnetic length and/or the geometric 
width of the edge, it is necessary to take into account 
more details of the electron wavef unctions. A natural 
approximation to use in this case is the RPA (or time 
dependent Hartree approximation) where the composite 
fermions are treated as non-interacting particles, driven 
by the space and time-dependent scalar and vector po- 
tentials. For a single edge state, the integral equation 
which results from the RPA reduces properly to the above 
equations in the limit where k and u are small, giving the 
correct direction of propagation as expected. 
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